Abstract-Spatial multiplexing (SMX) multiple-input multipleoutput (MIMO) over the best beamspace was considered as the best solution for millimeter wave (mmWave) communications regarding spectral efficiency (SE), referred as the best beamspace selection (BBS) solution. The equivalent MIMO water-filling (WF-MIMO) channel capacity was treated as an unsurpassed SE upper bound. Recently, researchers have proposed various schemes trying to approach the benchmark and the performance bound. In this paper, we challenge the benchmark and the corresponding bound by proposing a better transmission scheme that achieves higher SE, namely the Generalized Beamspace Modulation using Multiplexing (GBMM). Inspired by the concept of spatial modulation, we not only use the selected beamspace to transmit information but also use the selection operation to carry information. We prove that GBMM is superior to BBS in terms of SE and can break through the well known upper bound. That is, GBMM renews the upper bound of the system SE. We investigate SE-oriented precoder activation probability optimization, fullydigital precoder design and hybrid precoder design for GBMM. Comparisons with the benchmark (i.e., WF-MIMO channel capacity) are made under different system configurations to show the superiority of GBMM.
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I. INTRODUCTION
Millimeter wave (mmWave) communications have been recognized as a promising technology to meet the exponentially increasing demand on data traffic in the fifth-generation (5G) wireless networks for its large amount of available spectrum resource [1] . However, the severe path loss at high-frequency band severely limits the coverage distance of mmWave communications. Thanks to its small wavelength, mmWave communication can leverage large-scale antennas at transceivers to provide considerable beamforming gain to combat the path loss. Besides, large-scale antennas increase the spectral 1 The work of S. Guo and M. -S. Alouini were supported by the funding from KAUST. The work of S. Guo efficiency (SE) via spatial multiplexing (SMX) [2] . For an mmWave MIMO system with N t transmit antennas, N r receive antennas and N s data streams transmitted via N t RF radio frequency (RF) chains, transmission over the best N sdim beamspace, referred as best beamspace selection (BBS) solution, has been regarded as the optimal solution and widely adopted as a benchmark in literature [2] - [6] . The equivalent N s × N r MIMO water-filling (WF-MIMO) channel capacity was treated as an unsurpassed SE upper bound. Recently, researchers have proposed various SMX transmission schemes to approach the BBS solution with either fully-connected or partially hybrid transceiver structure. But, is the SE of BBS truly supreme? Inspired by the concept of spatial modulation (SM) and a large body of its variants [7] - [10] , we propose a generalized beamspace modulation using spatial multiplexing (GBMM) scheme to challenge BBS in SE and the equivalent N s × N r WF-MIMO capacity bound.
SM techniques have been recently introduced to mmWave MIMO systems. Prior work can be classified into two categories based on antenna switch [11] - [19] and beamspace switch [20] - [23] , respectively. The simplest form of SM, namely space shift keying (SSK), was first applied to mmWave communications in [11] . It showed that SSK can be applied to line-of-sight (LOS) mmWave MIMO communications as long as antennas are appropriately placed. [15] - [19] investigated generalized spatial modulation (GSM) at mmWave frequencies. The concept of GSM using multiplexing (GSMM) for hybrid precoding mmWave MIMO has been recently proposed in [19] . All these works demonstrated that SM techniques based on antenna switch could work effectively in mmWave communications. However, because of the antenna selection, most of the antennas are silent at each transmission slot and this reduces the beamforming gain compared with that fully utilizes all antennas. Unlike above works, SM techniques based beamspace switch carry spatial domain information via the selection of beamforming vectors [20] - [23] . For instance, focusing on improving error performance, the authors of [21] proposed a virtual space modulation (VSM) transmission scheme and hybrid precoder designs in mmWave MIMO. [23] proposed a spatial scattering modulation (SSM) for uplink mmWave communications and studied its bit error rate (BER) performance. However, it should be noticed that all these works were done from the error performance perspective and with a single data stream.
In addition, very few literature on SM techniques based mmWave MIMO compares their schemes with the benchmark BBS in terms of SE. In [19] , the authors compared the proposed GSMM with N s × N r WF-MIMO capacity. However, they failed to outperform it. To the best of our knowledge, there is no literature reporting the superiority of their schemes based on SM over BBS or N s ×N r WF-MIMO capacity. Therefore, it is the first time to challenge the well known "best" BBS solution in terms of SE in mmWave MIMO communications adopting SM. The contributions of this paper are summarized as follows.
• This paper proposes a GBMM technique for mmWave MIMO. In GBMM not only is the data conveyed over the selected beamspace via SMX but also conveyed by the indices of precoders. GBMM increases the SE without changing the transmitter structure. We prove that the SE of GBMM outperforms the N s ×N r WF-MIMO capacity bound that existing schemes try to approach.
• In most of the literature on SM techniques, equalprobability antenna/beamspace activation is assuemd. Differently, beamspaces in the proposed GBMM are activated with a general probability distribution. This paper analyzes the upper and lower bounds of the achievable SE with the general precoder activation probability distribution.
• To maximize the SE lower bound, we formulate problems finding the optimal fully-digital precoders, precoder activation probability distribution and hybrid precoders. We propose a gradient ascent algorithm to solve the formulated problem, within which the complexity is analyzed.
II. SYSTEM MODEL
We consider an (N t , N r , N t RF , m) mmWave MIMO system, equipped with N t RF (≪ N t ) RF chains as illustrated in Fig. 1 , where N t and N r represent the number of transmit antennas and receive antennas, respectively. H ∈ C Nr×Nt is used to denote the channel matrix, which is perfectly known by the transceivers. m denotes the rank of H indicating the number of available parallel channels. Let x ∈ C Nt represent the transmitted signal vector and the receive signal vector y ∈ C Nr can be expressed as
where √ ρ represents the average receive SNR and n ∈ C Nr represents the noise vector with zero mean and unit variance, i.e., n ∼ CN (0 Nr , I Nr ). s ∈ C Ns is used to represent the data symbol vector transmitted relying on the RF chains, where N s represents the number of data streams. It is assumed that the number of data streams and the number of RF chains are less than the number of available parallel channels, i.e., N s ≤ N t RF < m. The Saleh-Valenzuela channel model [2] is adopted in this paper, which is expressed as
where N cl represents the number of scattering clusters; N ray denotes the number of propagation paths; α il is the channel chain of lth ray in the ith propagation cluster; φ = N t N r . In this paper, an √ N × √ N uniform square planar array (USPA) is considered, whose array response vector corresponding to the lth ray in the ith cluster writes
where λ and d represent the signal wavelength and the antenna spacing, respectively. In (3), 0 ≤ n 1 < √ N and 0 ≤ n 2 < √ N stand for the antenna indices in the two-dimensional (2D) plane.
A. Conventional Transmission Solution and Upper Bound
Conventionally, a fixed precoder F of dimension N t × N s is used to fit the transmission over H with ||F|| 2 F = N s . With F, the transmit vector x can be expressed as x = Fs. The achievable SE can be characterized by the mutual information as
To maximize the SE, F is designed by solving
The BBS solution 2 F opt = V 1 ∈ C Nt×Ns is widely adopted, where V 1 is a matrix composed of N s right singular vectors of H that correspond to the largest N s singular values. As is well known, the mutual information I(s; y) ≤ C WF Ns×Nr , where C WF Ns×Nr represents the equivalent N s ×N r WF-MIMO channel capacity. C WF Ns×Nr can be achieved by using BBS and waterfilling power allocation. As aforementioned, this bound is well recognized as an unsurpassed benchmark of literature. But, is it true for (N t , N r , N t RF , m) mmWave MIMO systems?
B. The Proposed Transmission Solution and Its Superiority
The real mutual information limit in (4) should be
The exact solution to the problem is still unknown. But, it implies that we can additionally transmit information by making use of F to improve the SE. Inspired by the concept of SM, we propose to use a general discrete distribution of F to enhance the SE as
where F denotes the set of candidate precoders. (7) means that a precoder F i ∈ F will be activated with probability p i . For all F i ∈ F, we have
As to the transmit data symbol vector s, we assume that it follows an i.i.d. complex Gaussian distribution independent of F with zero mean and normalized power, i.e., s ∼ CN (0 Ns ,
T and using R(p, F) to represent the SE, we have the following theorem:
Theorem 1:
Proof: To prove, a set F that ensures the inequality is first proposed. Specifically, F i ∈ F is designed as
2 The solution is obtained without taking the power allocation among data streams into consideration. Taking that into consideration, the solution should be where V ∈ C Nt×m represents the matrix composed of the right singular vectors of H that correspond to all sorted nonzero singular values; E i ∈ C m×Ns is a selection matrix to choose N s right-singular vectors from all feasible m ones. It is composed of a combination of N s base vectors. For instance,
where e i ∈ C m is the ith m-dim base vector with all zeros expect the ith entry being 1. D i stands for the power allocation matrix and we have Ns×Nr is achieved by a specific realization of F and p, it is concluded that systems with globally optimized F and p will achieve a larger SE than or the equal SE to C WF Ns×Nr . Remark: Based on above analysis in this section, we remark that one can improve the SE of (N t , N r , N t RF , m) mmWave MIMO systems by additionally employing precoder (i.e., beamspace) selection to carry information. As the beamspace indices are adopted as an additional modulation domain and multiple data streams are transmitted via SMX, we name the transmission solution as GBMM. In addition, ||x|| 0 = ||F i s|| 0 = N t in the proposed GBMM scheme, indicating that all antennas are activated in a transmit slot. Compared with GSMM [19] based on antenna selection, GBMM will benefit from the beamforming gain by using all antennas. The approach is attractive because the increase of SE is achieved without changing the transceiver structure. Besides, most reported SM techniques and their various variants for all MIMO systems can be treated as specific realizations of
III. SE ANALYSIS AND PROBLEM FORMALIZATION

A. Achievable SE
We define two sets
Based on the design of F i ∈ F in (9), the variable set F in R(p, F) can be replaced by D, because E is known. According to the similar analysis in [24] , the achievable SE R(p, D) can be derived as
where
and
The exact SE has more theoretical significance than practical significance since it involves the integration of a complicated function thus not offering clear insights into the system performance. To gain insights and to provide practical system design guidelines, the following upper bound and lower bound of SE are used:
and lower bounded by
The upper bound is tight in the high SNR regime and the lower bound adding a constant gap N r (log e − 1) is tight in the low and high SNR regime. Proof: The proofs of the bounds and the tightness can be found in [24] and [19] , respectively. To avoid repetition, we omit them for brevity.
B. Problem Formulation
We aim to maximize the achievable SE, which is a maximization problem. For the sake of low complexity, the lower bound in (17) can be adopted as the objective function. The optimization problem is hence formulated as
Using the optimized D, we can directly construct F based on (9). The costly fully-digital structure is required to implement the F i in F. To reduce the implementation cost and complexity, we design hybrid digital and analog precoders by solving
where F i RF and F i BB represent the ith analog precoder and digital precoder respectively and i = 1, 2, · · · , |F|. (P2) has been well investigated in a large body of literature such as [2] - [6] . Existing low-complexity algorithms in [2] - [6] can be directly applied to solve (P2). Thus in the following of this paper, we focus on solving problems (P1).
IV. TRANSMITTER OPTIMIZATION We define
T ∈ R |F |Ns and q p⊗1 Ns ∈ R |F |Ns . Based on these definitions, the problem (P1) becomes
To release the non-negative constraints p 0 |F | and λ 0 |F |Ns in (P1a), we adopt a barrier method with the barrier function defined as [19] 
and rewrite the optimization problem as
where t B is a factor to scale the barrier function's penalty 3 and the objection function f (p, λ) is given by
The gradient of f (p, λ) with respect to p can be derived as
The gradient of f (p, λ) with respect to λ can be expressed as
To meet the equality constraints 1 T |F | p = 1 and q T λ = N s , we perform the following projections
to ensure 1
Based on these gradients and projections, we develop a gradient ascent algorithm to maximize the SE lower bound as listed in Algorithm 1.
Complexity and Converge Analysis:
The complexity of Algorithm 1 is dominated by the calculation of the gradients in (24) and (27). In each iteration, the calculation of the gradient with respect to p needs |F| 3 calculations of matrix determinant of size N r × N r . The calculation of the gradient with respect to λ requires |F| 3 calculations of matrix determinant, matrix inversion, and matrix multiplication of size N r × N r . Thus, the overall complexity is around O(|F| 3 N 3 r ). The complexity is a heavy burden for large-scale antennas. The algorithm will converge because the value of the objective function will increase in each iteration and it is upper bounded.
Gradient Modification to Avoid Convergence to Local Optima:
If there are more than one entries approaching zeros in the optimal p * or λ * , the algorithm may converge to a local optimum because the searching steps η 1 and η 2 in Algorithm 1 will be small if some entries of p and λ approach zero in the searching procedure. To avoid this, we introduce a small threshold τ . If any entries are smaller than τ , the projected gradients to them are forced to be zeros. To ensure (34) and (35), the projection of gradients should be modified. Specifically, taking the optimization of p as an example, the projected gradient vector is modified as
where K + and K − denote the index sets that p K+ τ 1 |K+| and p K− ≺ τ 1 |K−| , respectively. In this way, not only can Algorithm 1 converge to a global optimum, but also greatly reduce the computational complexity, because we do not need to compute
. Similarly, such a technique can be adopted in the optimization of λ. The performance and convergence of Algorithm 1 with/without the gradient Compute the gradient ∇ p f (p, λ) by using (24). 4: Carry out the projection to get ∆p (k) by using (32).
5:
Solve the following problem via backtracking line search [25] and update
Modify λ (k+1) to ensure q T λ = N s as
.
7:
Compute the gradient ∇ λ f (p, λ) by using (27).
8:
Carry out the projection to get ∆λ (k+1) by using (33).
9:
11: Output the optimized p * and use λ * to obtain D * and F * .
modification are investigated in Section V. The Algorithm 1 is of high complexity, see [26] . To reduce the complexity and gain more insights, we derive the optimal solution in the high SNR regime in the journal submission [26] . Also, we discuss the implementation issues as well as the extension to broadband systems in [26] .
V. SIMULATION AND ANALYSIS
In this section, we show the effectiveness as well as the convergence of Algorithm 1 and numerically evaluate the SE performance of the proposed GBMM. It is assumed that both transmitter and receiver are equipped with USPA. Specifically, the transmitter is with N t = 100 antennas and the receiver is with N r = 36 antennas. The channels are set as N cl = 4 clusters, N ray = 2 and the average power of each clusters, σ 2 αi = 1. The azimuth and elevation AoAs and AoDs follow the Laplacian distribution, which have uniformly distributed mean angles over [0, 2π) and 10 degrees angular spread as that in [2] . The minimum antenna spacing in the USPA is a half wavelength. Despite this specific channel model is used in simulations, it should be noted that the proposed designs are applicable to more general models.
A. Effectiveness and Convergence of Algorithm 1
Firstly, to show the effectiveness as well as the convergence of Algorithm 1, we evaluate the performance of p (k) and λ (k) of the iteration k at a high SNR of 15 dB. Instead of evaluating the object function
) adding a constant N r (log e − 1), because these values provide a close approximation of the exact SE. In the simulation, a channel realization is adopted and N t RF = N s = 3. The halting ǫ is set to 10 −3 and the gradient modification threshold τ is 2 × 10 −3 . For comparison, we also demonstrate the optimal solution in [26] and C W F Ns×Nr (achieved by BBS with waterfilling power allocation) under the same channel realization. Results demonstrate that without modifying the gradients, the original Algorithm 1 converges fast but at a local optimum. The reason has been discussed in Section IV-A. With gradient modification described in Section IV-A, the issue can be well addressed, and the algorithm will finally converge to the global optimum given in [26] . Comparison with C W F Ns×Nr shows that GBMM outperforms C W F Ns×Nr more than 1 bit/s/Hz under the given channel realization.
B. SE Evaluation
Secondly, we investigate the SE of the proposed GBMM with different optimized fully digital precoder sets F and precoder activation probability distributions p with N t RF = N s = 2 as illustrated in Fig. 3 . Specifically, two transmission solutions are considered. The first one is with the optimized F * and p * obtained from Algorithm 1 to maximize the SE lower bound. The second one with the water-filling power allocation F ⋆ and the equal probability-distribution p (0) , which is widely adopted in literature [19] , [21] , [23] . We demonstrate not only the exact SE expressed in (11) but also the upper bound as well as the approximation (i.e., the lower bound adding a constant gap N r (log e − 1)). For comparison, the widely adopted benchmark C W F Ns×Nr is also included. Results in Fig.3 show the tightness of the upper bound in the high SNR regime as well as the lower bound by adding the constant in the low and high SNR regime. It achieves the best SE performance and is superior to the N s × N r WF-MIMO channel capacity over all depicted SNR regime. Using the conventional SM concept with equal activation probability distribution p (0) , the SE is much lower than the proposed GBMM solution with optimized p * , which indicates the significance of precoder activation probability distribution in the optimization. Results also show that SM techniques with equal activation probability distribution can not outperforms the BBS, which coincides with the conclusion in literature [19] .
C. Hybrid Precoder Designs
Lastly, we investigate the hybrid precoder designs with either fully-connected structure or partially-connected structure as illustrated in Fig. 4 . Existing algorithms are used to solve (P2). Specifically, we use OMP-Alg [3] for fullyconnected hybrid precoder designs and SIC-Alg [4] for partially-connected hybrid precoder designs. In the simulations, N t RF = N s = 2 and all simulation results are averaged over 100 channel realizations. For comparison, C W F Ns×Nr is also included as benchmark. Results in Fig. 4 demonstrate that GBMM with fully-connected hybrid precoders has a small performance gap with the fully-digital precoders (i.e., R(p * , F * )) and outperforms C W F Ns×Nr . GBMM with partiallyconnected hybrid precoders will lead to a great SE loss. However, we note that the performance with hybrid precoders can be improved by utilizing more advanced precoder design algorithms [2] . R(p * , F * ) is the new bound that all algorithms are unable to surpass. 
VI. CONCLUSION
In this paper, we proposed a GBMM transmission solution for mmWave MIMO communications based on the concept of SM. GBMM uses precoder design to offer beamforming gain and beamspace indices to carry information which improves SE. Both analytical and simulation results showed that GB-MM outperforms the well recognized "best" BBS solution in mmWave MIMO systems. Moreover, simulation results also demonstrated that compared with BBS and GBMM, conventional SM techniques with equal precoder activation probability is the worst. Based on the derived theoretical SE, a gradient ascent algorithm was developed. With the proposed algorithm, the optimal precoders, precoder activation probability distribution and power allocation for each data stream can be found. Simulation results validated its effectiveness and efficiency.
